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6.4 #1

d2y

dt2
+ y = f(t)

y(0) = 0, y′(0) = 1

f(t) =

{
1, 0 ≤ t < π

2

0, π
2
≤ t

∴ f(t) = u0(t)− uπ
2
(t)

L.T.: s2Y − sy(0)− y′(0) + Y =
e0s
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π
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s
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s
s2Y − 1 + Y =

(s2 + 1)Y = 1 +
1

s
− e−

π
2
s

s

Y =
1

(s2 + 1)
+

1

s(s2 + 1)
− e−

π
2
s

s(s2 + 1)

Partial Fractions: =
1

(s2 + 1)
+

1

s
− s

s2 + 1
− e−

π
2
s

s
+
se−

π
2
s

s2 + 1

=
1

(s2 + 1)
+

1

s
− s

s2 + 1
− e−π2 s

(
1

s
− s

s2 + 1

)

y(t) = sin(t) + 1− cos(t)− u π
2

(
1− cos

(
t− π

2

))

= sin(t) + 1− cos(t)− u π
2
(1− sin(t))
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6.5 #25 (a)

d2y

dt2
+ 2

dy

dt
+ 2y = f(t)

y(0) = 0
y′(0) = 0

r2 + 2r + 2 = 0

r2 + 2r = −2

r2 + 2r + 1 = −2 + 1

(r + 1)2 = −1

r + 1 = ±ı
r = −1± ı

y1 = et(−1+ı) = et(ı−1), y2 = et(−1−ı) = e−t(1+ı)

{
u′1y1 + u′2y2 = 0
u′1y

′
1 + u′2y

′
2 = f(t)

u′1 =
e(1−ı)t

2ı
f(t), u′2 = −e

(1+ı)t

2ı
f(t)

y = u1y1 + u2y2

Rewrite u′1,2 in terms of τ : =

∫ t

0

u′1(τ)y1(t)dτ +

∫ t

0

u′2(τ)y2(t)dτ

=

∫ t

0

u′1(τ)y1(t) + u′2(τ)y2(t) dτ

=

∫ t

0

e(1−ı)τ

2ı
f(τ)et(ı−1) − e(1+ı)τ

2ı
f(τ)e−t(1+ı) dτ

=

∫ t

0

f(τ)

2ı

(
e(1−ı)τ et(ı−1) − e(1+ı)τe−t(1+ı)

)
dτ

=

∫ t

0

f(τ)

2ı

(
e(1−ı)τ e−t(1−ı) − e(1+ı)τ e−t(1+ı)

)
dτ

=

∫ t

0

f(τ)

2ı

(
e(1−ı)(τ−t) − e(1+ı)(τ−t)) dτ

=

∫ t

0

f(τ)

2ı

(
e(τ−t)e−ı(τ−t) − e(τ−t)eı(τ−t)

)
dτ

=

∫ t

0

f(τ)e(τ−t)
(
e−ı(τ−t) − eı(τ−t)

2ı

)
dτ

=

∫ t

0

f(τ)e(τ−t)
(
eı(t−τ) − e−ı(t−τ)

2ı

)
dτ

=

∫ t

0

e−(t−τ)f(τ) sin(t− τ)dτ
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(b)

y =

∫ t

0

e−(t−τ)f(τ) sin(t− τ)dτ Given: f(t) = δ(t− π)

=

∫ t

0

e−(t−τ)δ(τ − π) sin(t− τ)dτ

=

∫ t

0

e−(t−π)δ(τ − π) sin(t− π)dτ

= e−(t−π) sin(t− π)

∫ t

0

δ(τ − π)dτ

= uπ(t) e−(t−π) sin(t− π)

(c)

d2y

dt2
+ 2

dy

dt
+ 2y = f(t)

y(0) = 0
y′(0) = 0

L.T.: s2Y − sy(0)− y′(0) + 2sY − 2y(0) + 2Y = F (t)

(s2 + 2s+ 2)Y = δ(t− π)

Y =
e−πs

s2 + 2s+ 2

y = L−1

[
e−πs

s2 + 2s+ 2

]

= L−1

[
e−πs

s2 + 2s+ 1 + 1

]

= L−1

[
e−πs

(s+ 1)2 + 1

]

= e−tL−1

[
e−πs

s2 + 1

]

= uπ(t)e−(t−π) sin(t− π)

6.6 #7

f(t) =

∫ t

0

sin(t− τ) cos(τ) dτ

F (s) =
1

s2 + 1

s

s2 + 1
=

s

(s2 + 1)2

6.6 #9

F (s) =
s

(s+ 1)(s2 + 4)

=
1

s+ 1

s

s2 + 4

f(t) =

∫ t

0

e−(t−τ) cos(2τ) dτ
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6.6 #20

φ(t) +

∫ t

0

k(t− ξ)φ(ξ) dξ = f(t)

φ(s) + φ(s)K(s) = F (s)

φ(s)(1 +K(s)) = F (s)

φ(s) =
F (s)

1 +K(s)
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